In recent years, the Gribov-Zwanziger action was refined by taking into account certain dimension 2 condensates. In this fashion, one succeeded in bringing the gluon and the ghost propagator obtained from the GZ model in qualitative and quantitative agreement with the lattice data. In this paper, we shall elaborate further on this aspect. First, we shall show that more dimension 2 condensates can be taken into account than considered so far and, in addition, we shall give firm evidence that these condensates are in fact present by discussing the effective potential. It follows thus that the Gribov-Zwanziger action dynamically transforms itself into the refined version, thereby showing that the continuum nonperturbative Landau gauge fixing, as implemented by the Gribov-Zwanziger approach, is consistent with lattice simulations.
Introduction
The infrared behavior of the gluon and ghost propagator has received a lot of interest in recent years, in particular in the Landau gauge. Many of the discussions were evolved around the zero momentum value of the gluon propagator and the infrared enhancement of the ghost. The common belief is now that in 4D and 3D the ghost propagator displays no enhanced behavior, while the gluon propagator exhibits positivity violation, being suppressed in the infrared. Moreover, it attains a non-vanishing value at zero momentum. These results are supported by many lattice data [1, 2, 3, 4, 5, 6, 7, 8] as by many analytical approaches [9, 10, 11, 12, 13, 14, 15, 16, 17] . Such propagators have been used to extract results on the spectrum of gauge theories, see e.g. [18, 19] . In particular, in the Gribov-Zwanziger (GZ) framework, which accounts for the existence of (most of) the Gribov copies in the path integral [20, 21] , this behavior of the ghost and gluon propagator was explained by taking into account the existence of a certain BRST invariant dimension 2 condensate [22, 23] . This was called the refined Gribov-Zwanziger framework. This particular condensate was investigated as it corresponds to a BRST invariant operator. However, one could go one step further. The Gribov-Zwanziger action has a softly broken BRST symmetry [20, 22] . Despite this, it is still renormalizable thanks to a wide set of Ward identities obeyed by the GZ action. Therefore, one could ask why one would only investigate d = 2 BRST invariant condensates?
In fact, there exists a whole range of d = 2 condensates overlooked so far, which might be taken into account. In this paper, we shall firstly explore these condensates and show that they affect the gluon and the ghost propagator, although not altering their qualitative behavior. The gluon propagator is still suppressed and non-zero at zero momentum, and the ghost propagator is not enhanced. Secondly, , we shall also be able, for the first time, to calculate the effective action with the help of the local composite operator (LCO) formalism at lowest order and give arguments that there is in fact condensation. We shall show that the minimum of the effective potential including the condensates is a non trivial minimum, i.e. in this minimum the condensates are present, leading to a dynamical transformation of the GZ action into the refined GZ action. This paper is organized as follows. In section 2, we shall briefly review the construction of the GribovZwanziger action. The first main point of this paper shall be proven in section 3, i.e. there can be more d = 2 condensates affecting the GZ action than considered so far. The second main point of this paper is presented in section 4, namely: the construction of the effective action with the help of the local composite opeator (LCO) formalism [24, 25] . We first explain the LCO formalism and then apply it to the GZ action with the inclusion of the set of d = 2 condensates. We then show that searching for extrema of the effective action automatically leads to nonvanishing condensates, i.e. to the refining of the GZ action. In section 5, we present the form of the gluon and the ghost propagator and show that they are in qualitative agreement with the current lattice data, irrespective of the details of the condensation. In section 6 we collect our conclusion. Technical details are provided in a series of appendices.
Summary of the Gribov-Zwanziger formalism
The Gribov-Zwanziger action takes into account the existence of Gribov copies by restricting the domain of integration in the functional integral to the Gribov region Ω, which is defined as the set of field configurations fulfilling the Landau gauge condition and for which the Faddeev-Popov operator,
is strictly positive. In [30] it has been firstly shown that this restriction to the Gribov region Ω can be established by considering the following (local) action 
with S YM the classical Yang-Mills action and S gf the Landau gauge fixing
The fields ϕ 
and thus 
The BRST variations of all the fields are given by, 
The massive parameter γ, called the Gribov parameter, is not an independent parameter of the theory, being determined in a self-consistent way by the following gap equation, commonly known as the horizon condition, 
which ensures the restriction to the Gribov region. This gap equation can also be written as
with Γ the quantum action defined as
where [dΦ] stands for the integration over all the fields. The action S GZ is renormalizable. For the benefit of the reader, we have presented the full algebraic proof of the renormalization of this action in the Appendix A, since we have to built on this anyway later on. Let us also mention that, recently, an alternative approach was worked out to study the renormalizability of the GZ action [26, 27] . In this paper, we shall however follow the original approach of e.g. [28] .
We recall that the GZ action breaks the BRST symmetry explicitly [20, 22] . This is due to the γ-dependent term, S γ , and one can easily check from (7) and (2) that,
3 Further refining of the Gribov-Zwanziger action
Introduction
So far, the GZ action has been refined [22] by investigating the BRST invariant d = 2 condensate ϕ a i ϕ a i − ω a i ω a i and the well known condensate A a µ A a µ . The first condensate assures that the gluon propagator is non-zero at zero momentum [22] , while the second condensate is indispensable in order to find a good quantitative agreement with the lattice data, see [4, 29] . The resulting action, called the Refined Gribov-Zwanziger action (RGZ), gives rise to a ghost propagator which behaves like 1/p 2 for small p 2 , and to the tree level gluon propagator given by
whereby M 2 is the mass related to the condensate ϕ a i ϕ a i − ω a i ω a i and m 2 to A a µ A a µ . We clearly observe that this propagator is non-vanishing at zero momentum due to the presence of the mass M 2 .
However, as the GZ action breaks the BRST symmetry anyhow, see expression (11) , there is a priori no need to keep the operators ϕ a i ϕ a i and ω
In fact, we can split the operator into two separate operators, coupled to different sources. Moreover, there are also other d = 2 operators, which were overlooked so far. In fact, all possible renormalizable d = 2 operators O i in the GZ action, which have ghost number zero, are given by 1
We shall only investigate condensates which are fully contracted over the indices (a, i), e.g. like ϕ a i ϕ a i = ϕ ac µ ϕ ac µ . However, it is possible to make different contractions over the color indices as is shown in [31] .
Therefore, if one wants to be absolutely complete, one would have to take into account all possible color contractions. Unfortunately, this would be hopelessly complicated. Though, we hope that a good description of the IR behavior of the gluon and ghost propagator has been captured by taking into account only one color combination. Comparison with lattice data in 3D and 4D seems to confirm this, at least so far, [4, 29] .
We also wish to point out that by including the possibility of condensation of certain operators, we are looking at the GZ dynamics w.r.t. a dynamically improved vacuum, in particular an improved calculation of the effective action, and thus of the horizon condition via (9), becomes possible.
The action with inclusion of d = 2 condensates
We propose to study the following extended action,
whereby S GZ is given by equation (2) and
We have introduced a source τ and 4 new doublets of sources, i.e.
whereby τ is a bosonic source and P, V , H i j and H i j are Grassmann quantities. For consistency, the sources with double index i j are symmetric in these indices. In this light, we use the following definition for the derivative w.r.t. a symmetric source Λ kl :
Notice that some sources have double indices, e.g. H i j , while other sources have no indices, e.g. P. The reason for this is only related to the algebraic proof of the renormalization in order to keep certain symmetries, and has no further meaning.
We have also introduced a vacuum term, S vac , which shall be important for the renormalization of the vacuum energy. As shown in [24, 25] , the dimensionless LCO parameters α, β, χ, δ and ζ of the quadratic terms in the sources are needed to account for the divergences present in the correlation functions like
, with O i one of the operators given in expression (13).
Now we can prove that the action (14) is renormalizable to all orders. The proof is very similar to that of the renormalizability of the GZ action, the only difficulty is that the mixing between different sources and parameters is now allowed. We refer to the appendices B and C for all the details.
For the rest of the work, we are only interested in a restricted number of condensates. Therefore, we first set the source W = 0, which is coupled to ωω, as this is not of our current interest 2 , and we also set P = V = η = 0, as we have introduced these sources only to preserve the BRST symmetry. Secondly, we also take H i j = H i j = 0 and we set G i j = δ i j G and G i j = δ i j G. The action (14) becomes,
whereby (κd(N 2 − 1) + λd 2 (N 2 − 1) 2 ) was replaced by one parameter ρ.
A diagrammatical look at the potential mixing and at the vacuum divergences
Before starting the calculation of the effective action, we can provide some simplification with the help of a diagrammatical argument. Firstly, looking at the action (18), we see that a term χQτ is present. This term is responsible for killing the divergences in the vacuum correlators A 2 (x)ϕϕ(y) for x → y. However, we can prove that there are no divergences of this kind in the one loop diagrams. Let us start by considering these one loop diagrams. There is only one possible type of diagram for A 2 (x)ϕϕ(y) , as displayed in Figure 1 . 
which is similar to the diagram in Figure 1 . We can thus conclude that the mixing can only start at two loops. Again, we cannot exclude divergences at two loops, due to a similar diagram as in Figure 2 .
The effective action
In this section, we shall try to calculate the effective action. The calculation is quite technical and shall therefore be split in different steps, although the result is reasonably compact and can be immediately found in expression (96).
The energy functional can be written as
with Σ CGZ given by equation (18) . We recall that in d = 4 − ε dimensions, we have the following dimensionalities,
The LCO formalism
In order to calculate the effective action, we shall follow the local composite operator (LCO) formalism developed in [24, 25] . Let us outline the main idea. We start from a LCO O, in our case a local dimension two operator within a dimension four theory. As done several times, we couple the operator(s) of interest to an appropriate source(s) J, and add the term JO to the Lagrangian. This gives rise to a functional W (J) which we need to Legendre transform to find the effective potential. However, as already observed, novel infinities shall arise, which are proportional to J 2 . These infinities are due to the divergences in the correlator lim x→y O(x)O(y) , as explained in section 3.3. Therefore, in general, a term proportional to J 2 is always needed in the counterterm, and the starting action needs to display a term 3 ζJ 2 . The novel parameter ζ, called the LCO parameter, is needed to absorb the divergences in J 2 , i.e. δζJ 2 . With the inclusion of the term ζJ 2 , the functional W (J) obeys the following homogeneous RGE
with η(g 2 , ζ) the running of ζ,
Notice that it is necessary to include the running of ζ at this point.
Now the question is, how can we determine this seemingly arbitrary parameter ζ? This is possible by employing the renormalization group equations. We can write
whereby the second term of the r.h.s. represents the counterterm. As the l.h.s. is independent from µ, we can derive both sides w.r.t. µ to find:
whereby γ J (g 2 ) is the anomalous dimension of J. As we can consider ζ to be a function of g 2 , and by evoking the β function,
the equation (24) becomes,
with ζ p (g 2 ) a particular solution of (26) . A possible particular solution is given by
whereby we have temporarily introduced the dependence on . Notice therefore that the n-loop result for ζ(p 2 ) will require the (n + 1) loop results of β(g 2 ), γ J (g 2 ) and f (g 2 ). As we would like ζ to be multiplicatively renormalizable, we set α = 0. In this case we have that
and we have removed the independent parameter α. Also, now that ζ is a function of g 2 , the RGE (21) becomes
as deriving w.r.t. ζ is now incorporated in deriving w.r.t. g 2 .
After determining the LCO parameter ζ, the next step is to calculate the effective action by doing a Legendre transformation. However, it shall be easier to perform a Hubbard-Stratonovich transformation on W (J), whereby we introduce an auxiliary field σ describing the composite operator O. In this way, we can get rid of the quadratic term in J 2 and a clear relation with the effective action emerges, as it will be shown later on in this section. We only need to mention that the case we are handling here is a bit more complicated due to the mixing of the operators O 1 = ϕ i ϕ i and O 2 = A µ A µ , and to the mixing of the vacuum divergences. However, the basic principles remain the same.
Differential equation for the LCO parameters ζ, α, χ and ρ
We shall try to determine the four LCO parameters ζ, α, χ and ρ. We shall first derive a differential equation for these parameters, in an analogous way as in [24, 32] . As there can be mixing, we shall define δζ, δω and δχ as follows
while δρ can be defined independently:
We further define the anomalous dimension of G,
which is exactly the same as the anomalous dimension of G as Z G = Z G . To define the anomalous dimensions of Q and τ, we start from equation (173):
a relation stemming from the algebraic renormalization. To the matrix Z, we can associate the anomalous dimension matrix Γ:
and thus
This matrix is then related to the anomalous dimension of the operators:
so the anomalous dimensions of the sources Q and τ is given by
With these definitions in mind, we can derive a differential equation for δζ, δω, δχ and δρ. We start with that of δρ. Starting from expression (32) and deriving w.r.t. µ, we find
As we can consider ρ to be a function of g 2 , according to the standard LCO formalism, we can rewrite this equation as
As ρ is finite, we can even further simplify this into
In an analogous fashion, we can find the differential equations for δζ, δω and δχ. If we derive (31) w.r.t. µ, we find the following set of coupled differential equations
Determination of the LCO parameters δζ, δα, δχ and δρ
In order to determine the counterterm parameters δζ, δα, δχ and δρ at one loop, we need to calculate the one loop divergence of the energy functional W (Q, τ, G, G). The details of these calculations can be found in appendix E. From section 3.3, we know that at one loop, δχ should be zero. This observation shall serve as a check of our computations.
In the appendix E, equation (202), we have found
The value of δζ provides already a first check of our results. In fact, this quantity has been calculated up to three loops, see [24, 33] . Our one loop value for δζ coincides with that reported in [24, 33] . Secondly, we also see that indeed δχ = 0 at one loop, which nicely confirms our diagrammatical power counting argument.
Solving the differential equations for ζ, α, χ and ρ
In this section, we shall try to solve the differential equations (41) and (42), when possible. For these calculations, it is useful to keep in mind the β function, here given up to two loops
with
in order to keep track of the orders.
We start with (41),
In order to solve this differential equation, we need to parameterize ρ as follows:
We also need the explicit value of the anomalous dimension γ G . We have from the definition (33) that
and thus we need the value of Z G . From the renormalization factors (167) and (137), we find that
In [34] , the factors Z g and Z A have been calculated up to three loops,
So one can calculate γ G (g 2 ) up to three loops if necessary. Here only the first loop shall be useful for our calculations, i.e.
as δρ, see equation (202), is only known up to lowest order. With this information, we can solve the differential equation (46) up to lowest order, by matching the corresponding orders in g 2 ρ = 24 53
Unfortunately, we cannot solve the differential equation for ρ 1 as we would require the two loop value of δρ, which is however not easily computed. Therefore, in the current work, we leave this value as a parameter to be determined.
Let us now turn to the set of differential equations (42). We can do a similar analysis as above for the first differential equation, namely
We shall again parameterize ζ as follows:
In fact, we can even solve this differential equation to two loops. From [24, 33, 32] , we know that
and
so that from (36)
By solving the differential equation for ζ, we can determine ζ to one loop order. In principle, we can even go one loop further with the known results. However, as we shall only determine the effective potential to one loop order, we do not need this next loop result. We find,
see also [32] .
The second and third differential equation of (42) are coupled. However, they can be simplified and decoupled as δχ = 0:
Fortunately, we know that Γ 21 = 0 at lowest order, from the diagrammatical argument in section 3.3. Therefore, we can set
When parameterizing as usual
we find for the solution of the differential equations
Hubbard-Stratonovich transformations
In this section, we shall get rid of the unwanted quadratic source dependence by the introduction of multiple Hubbard-Stratonovich (HS) fields. We can then rewrite the relevant part of the action in terms of finite fields and sources:
We shall now perform the following Hubbard-Stratonovich (HS) transformations by multiplying expression (19) with the following unities 4 ,
whereby we have introduced four new fields, σ 1 ,σ 2 , σ 3 and σ 4 . By doing these HS transformations, we can remove the quadratic sources and rewrite the functional energy as
with φ = (A µ , c, c, b, ϕ, ϕ, ω, ω) and
As these HS transformations do not put everything in the right form yet, we propose the following extra transformation
So (63) becomes
Now acting with δ δQ Q,τ=0 and δ δτ Q,τ=0 on the energy functional, before and after the HS transformation,
gives us the following two relations,
while acting with
or equivalently
The effective action
If we introduce the parameters
with α 0 , ζ 0 , χ 0 given in equations (58)-(61), then the quadratical part of the Lagrangian (67) is given by
We have left out the higher order terms as we shall only calculate the one loop effective potential Γ (1) .
All details of the calculations of the effective potential have been collected in the appendix E. The final result for the effective potential Γ (1) is given by
13
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whereby y 1 , y 2 and y 3 are the solutions of the equation 
Minimizing the effective potential to prove that the condensates are non-vanishing
To simplify the calculations, let us set ρ = ρ † = 0, which corresponds to the case of not considering the condensates ϕϕ and ϕϕ . For the moment, we are only considering ϕϕ , which already has the desired influence on the propagators, see the next section. In this case, the effective action simplifies, and becomes:
whereby y 2 and y 3 are are given by
In order to find the minimum, we should derive this action w.r.t. m 2 and M 2 and set the equations equal to zero. In addition, we should also impose the horizon condition (9) . Therefore, we have the following three conditions,
which have to be solved for M 2 , m 2 and λ 4 . Unfortunately, it is impossible to solve these equations exactly due to the two unknown parameters α 1 and χ 1 . However, we would like to know if the condensate ϕϕ is present or not. For this, we need to uncover if M 2 = 0 can be a solution of the above expression. We can strongly argue that this is not the case, and thus that M 2 = 0.
We shall start from expression (74) and derive w.r.t. M 2 , m 2 and λ 4 . As we would like to know if M 2 = 0 can be a minimum of the potential, we further set M 2 = 0. We then obtain the following equations
whereby we have chosen to set 5 µ = 2 and N = 3. Now looking at the equation, we see that the second and third equation can be solved exactly for m 2 and λ. There are even multiple solutions possible. We take the solution which has the lowest value for the effective action with M 2 = 0. However, for this solution to be also a solution of the first equation, these values should be very specific and the chance that they will also satisfy the first equation is practically non-existent, with a certain value of χ 1 . Moreover, at a different scale µ, the three equations will look slightly different. However, χ 1 is a number and stays the same. Therefore, it would be necessary that at all different scales these three equations can be solved exactly for only two parameters. This is practically impossible, leading to the conclusion that M 2 = 0. A similar reasoning can be worked out if ρ and/or ρ † would be allowed. The main result is that it is impossible for all these condensates to be zero, making the associated refinement inevitable.
In conclusion, we have a firm indication that the condensate ϕϕ is indeed present, thereby suggesting the dynamical transformation of the GZ framework into a refined GZ framework, with associated propagators that are in agreement with the most recent lattice data of [1, 2, 3, 4] .
5 The gluon and the ghost propagator
The gluon propagator
The gluon propagator shall still be infrared suppressed and non-zero at zero momentum. Indeed, starting from the further refined action (14) , the quadratic action is given by
whereby we have replaced the source τ with m 2 , Q with −M 2 , G i j with −δ i j ρ and G i j with −δ i j ρ † and set all other sources equal to zero. From this, we can easily deduce the gluon propagator 5 We work in units Λ MS = 1.
with λ 4 = 2g 2 Nγ 4 . If we assume that ρ = ρ † , we then find the following gluon propagator:
which has exactly the same form as the refined gluon propagator (12) . However, for the moment we cannot say whether ρ = ρ † is the case or not. This shall be further investigated in [29] upon using lattice input. Notice that ρ, ρ † as well as M 2 provide in an independent way that D(0) = 0. In principle, it could occur that M 4 = ρρ † , giving D(0) = 0, but there is no obvious reason why this relation should have to hold.
The ghost propagator
The one loop ghost propagator is given by
As we are interested in the infrared behavior of this propagator, we expand the previous expression for small k 2
Let us now have a look at the gap equation. For this we can start from the (one-loop) effective action which can be written as (see the appendix E)
, and the . . . indicating parts independent from λ. Setting λ 4 = 2g 2 Nγ 4 , we rewrite the previous expression,
The gap equation is given by
where we have excluded the solution λ = 0. With the help of this gap equation, we can rewrite equation (81),
The integral in the above expression is finite. We can rewrite the integral as (d = 4)
, with I = σ(k 2 ≈ 0) − 1, whereby we have parameterized
We further write
Solution of cubic equation
The next step would be to solve the cubic equation in the denominator of the equation above,
In general, the roots are given by
Of course, it is possible that two (or three) solutions coincide. This can be checked by calculating the discriminant
If ∆ = 0, then the equation has three real roots and at least two are equal.
Case 1:
If x 1 = x 2 = x 3 , we can rewrite the integral I as,
These integrals are now easy to solve, they all are of the type dx
One could expect there is a problem at infinity, in contrast with what we have concluded before. However, as u 1 + v 1 + w 1 = 0, the infinities cancel. We obtain,
Case 2:
In this case, we can rewrite the integral I as
One can check that u 2 + v 2 = 0, so we can perform the integrations,
Case 3:
Finally, in this case we can write
Now we can make some conclusions. Looking at the different cases, it looks almost certain that I = 0, as very specific values of the condensates would be needed to take care of this. Therefore, we have strong indications that the ghost propagator is not enhanced, in addition to the nonvanishing gluon propagator at zero momentum.
Conclusion
Although this paper is quite technical, the conclusions are quite simple. Firstly, we have shown that using the GZ action, more condensates can influence the dynamics. We have investigated in detail the following condensates:
and ϕ a i ϕ a i whereby the latter two were never investigated before. We have proven that we can renormalize the GZ action in the presence of these condensates. In particular, a renormalizable effective potential, compatible with the renormalization group, can be constructed for the associated local composite operators.
Secondly, for the first time, we were able to calculate the one loop effective potential in the LCO formalism:
whereby y 1 , y 2 and y 3 are the solutions of the equation Unfortunately, due to the existence of yet unknown higher loop parameters, i.e. α 1 , ρ 1 and χ 1 , in the one loop effective action, we are yet unable to give an estimate for the different condensates. Nevertheless, we have been able to already provide strong indications that some condensates are in fact non-zero and shall lower the effective action. We hope to come back to the explicit computation of the parameters α 1 , ρ 1 and χ 1 in the future. In particular, one should compute the divergences of the vacuum diagram in Figure 2 , the similar one for the mixing, and other divergent 2 loop diagrams stemming from the operators ϕϕ and ϕϕ. Once this task will be executed, all information is available to actually work out the one loop effective potential and to investigate its structure and the associated formation of the RGZ condensates.
Thirdly, we have also shown that in this further refined framework, the gluon propagator is non zero at zero momentum, and the ghost propagator will be non-enhanced.
A complementary approach to the current one, is to find out to what extent a gluon propagator of the type (78) or ghost propagator of the type (80) could describe the lattice data, not only qualitatively, but also quantitatively. This is current under investigation in [29] for different space time dimensions. In [4] it was already shown that a RGZ propagator (78) reproduces the SU(3) data very well.
Another question which was not answered here, is whether σ(k 2 ), see equation (80), is in fact smaller than one. This is necessary in order to be assured to stay within the Gribov horizon. However, this question shall also be addressed in [29] , and we refer to this paper for further details on this matter.
A Recapitulation of the Gribov-Zwanziger action and of its renormalizability
In this appendix, we shall repeat the complete proof of the renormalization of the Gribov-Zwanziger action [28] .
A.1 The Gribov-Zwanziger action and the BRST symmetry
We start with the Gribov-Zwanziger action,
We recall that we have simplified the notation of the additional fields ϕ 
The BRST variations of all the fields are given by
However, due to the γ dependent term, S γ , the Gribov-Zwanziger action breaks the BRST symmetry softly [20, 22] , see eq. (11) . In order to discuss the renormalizability of S GZ , we should treat the breaking as a composite operator to be introduced into the action by means of a suitable set of external sources. This procedure can be done in a BRST invariant way, by embedding S GZ into a larger action, namely
whereby
We have introduced 3 new doublets (U ai µ , M ai µ ), (V ai µ , N ai µ ) and (T ai µ , R ai µ ) with the following BRST transformations, and
We have therefore restored the broken BRST at the expense of introducing new sources. However, we do not want to alter our original theory (97). Therefore, at the end, we have to set the sources equal to the following values: 
A.2 The Ward identities
Following the procedure of the algebraic renormalization outlined in [35] , we should try to find as many Ward identities as possible. Before doing this, in order to be able to write the Slavnov-Taylor identity, we first have to couple all nonlinear BRST transformations to a new source. Looking at (100), we see that only A a µ and c a transform nonlinearly under the BRST s. Therefore, we add the following term to the action Σ GZ ,
with K a µ and L a two new sources which shall be put to zero at the end,
These sources are invariant under the BRST transformation,
The new action is therefore given by
The next step is now to find the Ward identities obeyed by the action Σ GZ . We have enlisted all the identities below: 1. The Slavnov-Taylor identity is given by
with By means of the diagonal operator Q f = U ii , the i-valued fields and sources can be assigned an additional charge. One can find all quantum numbers in Table 1 and Table 2. 3. The Landau gauge condition reads
4. The antighost equation yields
5. The linearly broken local constraints yield
6. The exact R i j symmetry reads
. (115) 7. The integrated Ward identity is given by
Here we should add that due to the presence of the sources T ai µ and R ai µ , the powerful ghost Ward identity [35] is broken, and we are unable to restore this identity. For the standard Yang-Mills theory, this identity has the following form
i.e. a linear breaking. However, it shall turn out that this is not a problem for the renormalization procedure being undertaken, see later.
A.3 The counterterm
The next step in the algebraic renormalization is to translate all these symmetries, which are not anomalous, into constraints on the counterterm Σ c GZ , which is an integrated polynomial in the fields and sources of dimension four and with ghost number zero. The classical action Σ GZ changes under quantum corrections according to
whereby h is the perturbation parameter. Demanding that the perturbed action (Σ GZ + hΣ c GZ ) fulfills the same set of Ward identities obeyed by Σ GZ , it follows that the counterterm Σ c GZ is constrained by the following identities:
1. The linearized Slavnov-Taylor identity yields
with B the nilpotent linearized Slavnov-Taylor operator,
2. The U( f ) invariance gives
3. The Landau gauge condition
4. The antighost equation
5. The linearly broken local constraints yield δ δϕ
6. The exact R i j symmetry imposes
with R i j given in (115).
7. Finally, the integrated Ward identity becomes
The most general counterterm Σ c GZ of d = 4, which obeys the linearized Slavnov-Taylor identity, has ghost number zero, and vanishing Q f number, can be written as
with a 0 , . . . , a 11 , b 1 , . . . , b 6 arbitrary parameters. Now we can impose the constraints on the counterterm. Firstly, although the ghost Ward identity (117) is broken, we know that this is not so in the standard Yang-Mills case. Therefore, we can already set a 3 = 0 as this term is not allowed in the counterterm of the standard Yang-Mills action, which is a special case of the action we are studying 6 . Secondly, due to the Landau gauge condition (3.) and the antighost equation (4.) we find,
Next, the linearly broken constraints (5.) give the following relations
The R i j symmetry (6.) does not give any new information, while the integrated Ward identity (7.) relates the two previous strings of parameters:
Taking all this information together, we obtain the following counterterm
A. 4 The renormalization factors
As a final step, we have to show that the counterterm (134) can be reabsorbed by means of a multiplicative renormalization of the fields and sources. If we try to absorb the counterterm into the original action, we easily find,
The results (135) are already known from the renormalization of the original Yang-Mills action in the Landau gauge [35] . Further, we also obtain
This concludes the proof of the renormalizability of the action (97) which is the physical limit of Σ GZ . Notice that in the physical limit (104), we have that
B Inclusion of the operator A 2 in the Gribov-Zwanziger action
For the benefit of the reader, let us also repeat the renormalization of the operator A 2 in the GribovZwanziger action, which was first tackled in [36] . In this paper, it was shown that the presence of the condensate A 2 does not spoil the renormalizability of the GZ action. The GZ action with inclusion of the local composite operator A a µ A a µ is given by
with τ a new source invariant under the BRST transformation s and ζ a new parameter. The renormalization can be done very easily with the help of the previous section.
B.1 The starting action and the BRST
Again, we shall make S AGZ BRST invariant. We define
whereby Σ GZ is given in expression (108) and
with η a new source and sη = τ, so that (η, τ) forms a doublet. At the end, we replace all the sources with their physical values, see expression (104) and (106), and in addition
so one recovers S AGZ again.
B.2 The Ward identities
It is now easily checked that the Ward identities 1-7 of section A.2 remain preserved. Obviously, the Slavnov-Taylor identity receives an extra term, 
B.3 The counterterm
As all the Ward identities remain the same, it is easy to check that the counterterm is given by
whereby Σ c GZ is the counterterm (134). This counterterm can be absorbed in the original action, Σ AGZ leading to the same renormalization factors as in equations (135)-(137).
In addition Z τ is related to Z g and Z
1/2
A [36] :
and Z ζ and Z η are given by
C Renormalization of the further refined action
C.1 The starting action
Let us repeat the starting action (14),
whereby Σ GZ is given by equation (108), Σ A 2 by (142) and
C.2 The Ward identities
With the help of appendix A, we can easily summarize all Ward identities obeyed by the action Σ CGZ 1. The Slavnov-Taylor identity reads
2. For the U( f ) invariance we now have 
By means of the diagonal operator Q f = U ii , the single i-valued fields and sources still turn out to possess an additional quantum number.
3. The Landau gauge condition and the antighost equation are given by
4. The linearly broken local constraints yield
whereby the . . . are extra linear breaking terms irrelevant for our purposes.
5. The exact R i j symmetry is broken beyond simple repair.
6. The integrated Ward Identity is broken also beyond simple repair. 7. There is however a new identity:
A Table 3 : Quantum numbers of the fields and sources.
C.3 The counterterm
These identities (150)- (155) can be translated into constraints on the counterterm according to the quantum action principe (QAP), see [35] . Unfortunately, many identities are broken due to the introduction of these d = 2 operators. However, we are using mass independent renormalization schemes and therefore, the new massive sources (P, Q, V , W , G i j , G i j , H i j , H i j ) cannot influence the counterterm of the original GZ action (134) since they are coupled to d = 2 operators. Said otherwise, there are no new vertices capable of destroying the UV-structure of the original GZ theory (134). We only need to check whether these operators themselves are renormalizable. Thus, the counterterm is given by
with Σ c GZ given by equation (134), and Σ c A given by
as already determined in (145). Σ c P...H is dependent of all the sources (P, Q, V , W ,
is of dimension 4, ghost number −1 and Q f = 0 and obeys the remaining Ward identities. Due to the linearly broken constraints we find
Therefore,
whereby b 1 , . . ., c 2 are arbitrary constants. By invoking the new identity
we can write
Let us notice that due to the U( f ) constraint, the term in c 2 is only present when
which is indeed the case due to hermiticity.
C.4 The renormalization factors
Let us now try to reabsorb this counterterm into the starting action (14) . We shall split this analysis into three parts, according to
are the three parts which we shall try to absorb separately.
Firstly, we start with the vacuum counterterm connected to the arbitrary parameters c 1 and c 2 . If we redefine c 1 and c 2 , we can write
and if we define
we find for the renormalization factors of the new sources and the LCO parameters κ and λ:
and thus the part Σ c I can absorbed in the starting action.
Secondly, let us focus on Σ c
We propose the following mixing matrix:
•
we find that
we obtain
A , and Z τQ = Z τW = 2b 1 . In summary, we find the following matrix
Now that we have the mixing matrix at our disposal, we can pass to the corresponding bare operators by taking the inverse of this matrix,
Subsequently, we can derive the corresponding mixing matrix for the operators, since insertions of an operator correspond to derivatives w.r.t. to the appropriate source of the generating functional Z c (Q,W, τ). In particular,
and similarly for ϕ 
We can make some observations from this matrix. Firstly, we find that A 2 0 does not contain the operators ϕ a i ϕ a i and ω a i ω a i . This is already a first check on our results as without these latter two operators the GZ action including A 2 is renormalizable, as we have shown already in the appendix B. Secondly, we observe that
meaning that the mixing with A 2 disappears again when recombining the two operators in a certain way. In fact, this is the operator (ϕ a i ϕ a i − ω a i ω a i ) which we have investigated using the RGZ action [22] and no mixing with A 2 appears for this operator.
We can do a completely analogous reasoning for the part in ∂ µ c a A a µ . We first set V + P = X. We propose
• From
, and Z ηX = 2b 1 . Therefore, we find that
Again, we find that A µ,0 ∂ µ c 0 does not contain ϕ a i,0 ω a i,0 , which is necessary as the GZ action with the inclusion of A 2 is renormalizable. We also see that, when setting V = −P, X = 0, the mixing with A 2 disappears again.
Thirdly, the vacuum term Σ c III has the following form
we know that setting Q = −W has to return the vacuum term from the RGZ action ∼ a 4 Qτ + a 3 2 ζτ 2 . Therefore, we may set
In this case, the vacuum term reduces to 
where we have extracted α, β, χ and δ and some minus signs for convenience. If we allow mixing between the different parameters,
when absorbing the counterterm, we find for the mixing matrix of the LCO parameters 
In summary, we have proven the action (148) to be renormalizable.
D List of propagators
We give here the list of propagators which can be calculated from the GZ action (2) 
E Details of the calculation of the effective action for the further refined GZ action E.1 Determination of the LCO parameters δζ, δα, δχ and δρ
We shall start from expression (18) , determine the quadratic part, and integrate out all the fields. The quadratic action is given by whereby we have immediately integrated out the ghost fields, c, c, ω, ω, as they only appear trivially. We have also already integrated out the b-field whereby α is formally equal to zero.
As a first step, we integrate out the ϕ and ϕ fields. For this, we shall split ϕ, ϕ, G and G into real and imaginary components:
so that the part depending on ϕ and ϕ in expression (187) becomes 
whereby we recall that λ is defined as λ 4 = 2γ 4 g 2 N. P ab,cd µν is given by P ab,cd µν = δ µν δ ab δ cd 2(∂ 2 + Q + X) −2Y −2Y 2(∂ 2 + Q − X) ,
and the . . . stand for the other terms in Σ quad CGZ , see (187), i.e. terms purely in A and the vacuum terms. The second step is to integrate out the gluon field A a µ . Combining the expression (188) with the terms purely in A from the quadratic action, we obtain, In order to find δζ, δα, δχ and δρ at one loop, we need to find the first order infinities of the previous expression. These shall be present in the two determinants which we need to evaluate.
Let us start with the first determinant of P ab,cd µν . In general, we can write 
As we are taking the trace, we know that Tr ln P = Tr ln P with P the diagonalization of P. Therefore, after diagonalization, we find Employing the standard formula, [37] Tr ln(−∂ 2
we obtain the following infinity
whereby c 1 is a constant term.
The second determinant requires a bit more effort to be evaluated. Let us call the corresponding matrix K. We thus calculate (det K 
Therefore, we need to determine For the first term, we can easily take the trace over the Lorentz indices, while for the second term, we
